Abstract. We study geometry and arithmetics on quasismooth anticanonically embedded weighted Fano 3-fold hypersurfaces having terminal singularities that were classified
view. They are completely classified into 95 families by A.R. Iano-Fletcher, J. Johnson, J. Kollár, and M. Reid. Their geometrical properties have been studied quite extensively in [18] , [23] , [28] , [42] , and so forth. However, as far as we know, their arithmetical properties have never been investigated. The first goal of this paper is to extend Theorem 1.3 to these 95 families. As explained above, the potential density of Fano 3-folds is strongly related to their elliptic fibration structures. It requires us to study elliptic fibrations and K3 fibrations on the 95 Fano families.
Throughout the paper the weighted projective space Proj(F[x 1 , x 2 , · · · , x n ]) defined over a field F with wt(x i ) = a i will be denoted by P F (a 1 , a 2 , · · · , a n ). The weights a i are always assumed that a 1 ≤ a 2 ≤ . . . ≤ a n . When the field of definition is clear, we will use simply P(a 1 , a 2 , · · · , a n ) instead of P F (a 1 , a 2 , · · · , a n ). In addition, we will always use the notation N for the entry numbers in Table 2 and Table 3 .
Let X d ⊂ P(1, a 2 , a 3 , a 4 , a 5 ) be a sufficiently general quasismooth anticanonically embedded Fano hypersurface of degree d having terminal singularities. Then the hypersurface X d is rationally connected and nonrational (see [18] and [48] ). However, we will prove the following result. Theorem 1.5. Suppose that X d is defined over a number field. Then rational points are potentially dense on X d for N = 1, 2, 4, 5, 6, 7, 9, 11, 12, 13, 15, 17, 19, 20, 23, 25, 27, 30, 31, 33, 38, 40, 41, 42, 44, 58, 60, 61, 68, 76. We also prove the following analogue of Theorem 1.4. It is natural to ask whether the hypersurface X d can be birationally equivalent to a K3 fibration as well. Theorem 1.7. The hypersurface X d is birationally equivalent to a K3 fibration.
In this paper we also study birational automorphism groups of X d . It is follows from [18] that there is an exact sequence of groups
where the group Γ is a subgroup of Bir(X d ) generated by a finite set of distinct birational involutions τ 1 , . . . , τ k explicitly described in [18] . Even though the paper [18] contains information on the number of the generators and their constructions, their relations have been in question. We will show the group Γ has exactly one of the following group presentations: F 0 = the trivial group; F 1 = < τ 1 | τ 2 1 = 1 >; F 2 = < τ 1 , τ 2 | τ 2 1 = τ 2 2 = 1 >; F 3 = < τ 1 , τ 2 , τ 3 | τ 2 1 = τ 2 2 = τ 2 3 = 1 >; F 3 = < τ 1 , τ 2 , τ 3 | τ 2 1 = τ 2 2 = τ 2 3 = τ 1 τ 2 τ 3 τ 1 τ 2 τ 3 = 1 >; F 5 = < τ 1 , τ 2 , τ 3 , τ 4 , τ 5 | τ 2 1 = τ 2 2 = τ 2 3 = τ 2 4 = τ 2 5 = 1 >, where the generator τ i comes from an involution of X d and the group operation from the composition of maps. When the group Γ is trivial, the 3-fold X d is birationally superrigid. Also, when X d has a unique birational involution, the group Γ which has the presentation F 1 is isomorphic to Z/2Z. Because the number of generators of Γ is completely determined in [18] , in order to describe the group Γ, it is enough to find their relations. Theorem 1.8. The group Γ has the group presentation as follows:
•F 3 if N = 4, 9, 17, 27;
• Finally, in Section 7, we also consider the possible values of the degree of irrationality of X d , which is a higher dimensional generalization of gonality on curves.
In the case N = 1 the surface S d is a smooth quartic in P 3 and its arithmetics is studied in [22] . In the case N = 3 the surface S d is a double cover of P 2 ramified along a smooth sextic and the paper [7] shows its arithmetics. When N = 2, the surface S d is birationally equivalent to a double cover of P 2 ramified along a nodal sextic curve. We can then see that if the singular point of the surface is defined over F then the set of F-rational points is Zariski dense (see [7] ).
In this section we study the arithmetics on the surface S d in some cases when a 1 = 1.
Lemma 2.1. Let τ : S → P 1 be an elliptic fibration with a section C 1 and a (multi)section C 2 . Suppose that the surface S, the fibration τ , and (multi)sections C 1 , C 2 are defined over F. Also we suppose the following conditions hold:
• the surface S has only isolated singularities; • C 2 1 < 0, C 2 2 < 0, and C 1 · C 2 ≥ 0; • every fiber of the fibration τ is irreducible.
Then the set of all F-rational points on the surface S is Zariski dense.
Proof. Take a very general C-rational point P ∈ P 1 . Let L = τ −1 (P ) and k = C 2 · L. Then
in Pic(L) for every n ∈ N. Indeed, if the divisor n(kC 1 − C 2 )| L on L is trivial for some n ∈ N, then the divisor kC 1 − C 2 on S is numerically equivalent to a union of fibers of the elliptic fibration τ . Hence, the curves C 1 , C 2 , and L are linearly dependent in Div(S)⊗Q/ ≡ because every fiber of τ is irreducible. However, we have
which contradicts to the linear dependence of the curves C 1 , C 2 , and L. Because we have a non-torsion element (kC 1 − C 2 )| L in Pic(L) and the set of F-rational points on the section C 1 is Zariski dense in C 1 , we can use the same arguments as those of [14] .
Lemma 2.2. Let τ : S → P 1 be an elliptic fibration with a multisection C of degree d 2 such that the set of F-rational points on the curve C is Zariski dense and τ | C is branched at a point P ∈ C contained in a smooth elliptic curve that is a scheme-theoretic fiber of τ , where the surface S, the fibration τ , and the section C are defined over F. Then the set of F-rational points of the surface S is Zariski dense.
Proof. It follows from Proposition 2.4 in [6] that the divisor Q 1 − Q 2 ∈ Pic(F ) is not a torsion divisor for any two distinct points Q 1 and Q 2 of the intersection C ∩ F , where F is a fiber of τ over a point in the complement to a countable union of closed subsets in P 1 . Hence, we can apply the arguments of [14] to prove that the set of F-rational points on the surface S is Zariski dense.
Let S d be a sufficiently general hypersurface of degree d in P(a 1 , a 2 , a 3 , a 4 ). Proof. Let S 6 ⊂ P(1, 1, 2, 2) be a sufficiently general hypersurface of degree 6. We suppose that the three singular points P 1 , P 2 , and P 3 are defined over F. These points are canonical singular points of type A 1 .
Let π : S 6 P 1 be the restriction of the natural projection P(1, 1, 2, 2) P 1 induced by the embedding of the graded algebras F[x 1 , x 2 ] ⊂ F[x 1 , x 2 , x 3 , x 4 ]. Then a sufficiently general fiber of π is a smooth elliptic curve. Let α : S → S 6 be the blow up along the points P 1 , P 2 , and P 3 , and let C i = α −1 (P i ). Then S is smooth and defined over the field F.
Let ψ : S → P 1 be the composition π • α. Then ψ is a morphism whose general fiber is an elliptic curve and both the curves C 1 and C 2 are sections of ψ. The sections C 1 and C 2 are smooth rational curves defined over F. Moreover, the canonical divisor K S is trivial, which implies that C 2 1 = C 2 2 = −2 on the surface S. In the case when S 6 is very general 2 , we have rank Pic(S 6 ) = 1 by Lemma 3.1 in [5] , which implies rank Pic(S) = 4 and the irreducibility of each fiber of ψ. However, the irreducibility of all the fibers of ψ is a closed condition in Zariski topology. Hence, the generality in the choice of S 6 implies that every fiber of ψ is irreducible. Therefore, the set of F-rational points of the surface S 6 is Zariski dense by Lemma 2.1.
The proof for the case N = 6 ia almost the same. Proof. The surface S 7 ⊂ P(1, 1, 2, 3) is given by the equation
The complement to a countable union of proper Zariski closed subsets in the moduli.
where f i , g i , and h i are homogeneous polynomials of degree i and a is a constant. The surface S 7 has exactly one A 1 -singular point at P 1 = (0 : 0 : 1 : 0) and one A 2 -singular point at P 2 = (0 : 0 : 0 : 1).
Let H be the pencil on S 7 given by {λx 1 + µx 2 = 0 | (λ : µ) ∈ P 1 F }. Then the singular points P 1 and P 2 are base points of H and a general element of H is a smooth elliptic curve. We claim that every element in the pencil H is irreducible. Indeed, suppose that the pencil H contains a reducible element E. Because the curve E is of degree
where f and g are the natural projections. It is clear that the projection g is surjective.
We also see that dim(g −1 (x 1 = x 3 = 0)) = 3 and dim
which implies that the surface S 7 does not contain a curve of degree 2 6 . Similarly, we can show that the surface S 7 does not contain curves of degree 3 6 . Consequently, each member of the pencil H is irreducible.
There is a partial resolution π : S → S 7 of singularities of S 7 such that S has a single singular point Q, which is a canonical singular point of type A 1 ; π is an isomorphism in the outside of P 1 and P 2 ; π is the blow up at P 1 in a neighborhood of P 1 ; π is a partial resolution of the singular point P 2 in a neighborhood of P 2 . Let B be the proper transform of the pencil H on the surface S. Then the pencil B has no base point and induces an elliptic fibration ψ : S → P 1 such that all fibers of ψ are irreducible.
Let E 1 = π −1 (P 1 ) and E 2 = π −1 (P 1 ). Then both curves E 1 and E 2 are sections of the elliptic fibration ψ with E 2 1 = −2 and E 2 2 = − 3 2 . Therefore, the set of F-rational points on S 7 is Zariski dense by Lemma 2.1.
The arguments of the proofs of Propositions 2.3 and 2.4 can be used to prove the following general statement (cf. Conjecture-Exercise 3.16 in [42] ).
Lemma 2.5. Let η : S d P 1 be the rational map induced by the natural projection P(a 1 , a 2 , a 3 , a 4 ) P(a 1 , a 2 ), where a 1 = 1 and N ∈ {1, 2, 3, 7}. Then every fiber of the rational map η is irreducible and the normalization of a general fiber of η is a smooth elliptic curve.
Proof. For the irreducibility we use the arguments of the proofs of Propositions 2.3 and 2.4. For the second statement we note that a general fiber has an affine piece which is either an affine plane cubic curve or a double cover of A 1 ramified at 4 points. We omit the detail because it is tedious and easy. Proposition 2.6. Suppose that at least one singular point of type A 1 of the surface S d of N = 7 is defined over F. Then the set of F-rational points on the surface S d of N = 7 is Zariski dense.
Proof. We consider a hypersurface S 8 ⊂ P(1, 2, 2, 3) given by the equation
where f i and g i are homogeneous polynomials of degree i, and a, b, c are constants. The surface S 8 has a singularity of type A 2 at the point (0 : 0 : 0 : 1). Moreover, it has singularity of type A 1 at each point (0 : α : β : 0), where f 4 (α, β) = 0. Because at least one singular point of type A 1 is defined over F, we may assume that f 4 (0, 1) = 0.
Let P 1 be the point (0 : 0 : 0 : 1) and P 2 be the point (0 : 0 : 1 : 0). Then we have the pencil H of curves on S 8 cut by the equations λx 2 1 + µx 2 = 0, (λ : µ) ∈ P 1 F . The points P 1 and P 2 are base points of H. Also we can easily check that a general element of the pencil H is singular at the point P 2 and smooth at the point P 1 , while its normalization is a smooth elliptic curve.
By the same arguments as before, we see that every element of H is irreducible. Therefore, we can use Lemma 2.1 to complete the proof as in Propositions 2.3 and 2.4. Proof. We have a hypersurface S 10 ⊂ P(1, 2, 2, 5) which can be given by the equation
, where f i and g i are general homogeneous polynomials of degree i.
Let P be the point (0 : 1 : 0 : 0) and H be the pencil of curves on S 10 given by the equations λx 2 1 + µx 3 = 0, (λ : µ) ∈ P 1 F . The surface S 10 has a singularity of type A 1 at the point P which is a unique base point of the pencil H.
Let C be the curve in H corresponding to the point (λ, µ) ∈ P 1 F and
where α i and β i are sufficiently general constants. Then the curve C has an ordinary double point at the point P when (λ : µ) = (1 : 0) and (λ : µ) = (α 4 : β 4 ). Let F be the curve in the pencil H corresponding to the point (λ : µ) = (α 4 : β 4 ) and L be the curve on S given by the equation x 1 = 0. Then the curve F is smooth in the outside of P and has an ordinary cusp at P , while L is a smooth rational curve.
Let π : S → S 10 be the blow up at the point P , E = π −1 (P ), and B the proper transform of the pencil H on the surface S. Then B has no base point and induces an elliptic fibration ψ : S → P 1 . The proper transformF of F by π is a smooth elliptic fiber of ψ. Moreover, the restriction π| E : E → P 1 is a double cover branched at the pointF ∩ E. Because the set of all F-rational points of the curve E is Zariski dense, the set of F-rational points on the surface S is Zariski dense by Lemma 2.2. Now we suppose that a 1 = 1 and N ∈ {1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 14}. We then see that a 2 = 1 and the hypersurface S d is given by the equation
where f ij is a sufficiently general quasi-homogeneous polynomials of degree d − a 3 j − a 4 i. Let H be the pencil on S d given by {λx a 2 1 + µx 2 = 0 | (λ : µ) ∈ P 1 F } and η : S d P 1 be the rational map induced by the pencil H. Then Lemma 2.5 implies the existence of a partial resolution of singularities π : S → S d such that the following holds:
(1) the surface S has only cyclic quotient canonical singularities and K S ∼ 0; (2) the proper transform B of the pencil H on the surface S has no pase point; (3) the pencil B induces an elliptic fibration ψ : S → P 1 such that ψ = π • η; (4) each fiber of the elliptic fibration ψ is irreducible.
Let us introduce the following notations:
• γ :S → S = the minimal resolution of singularities;
• L = the curve on S d cut by the equation
•L = the fiber of the elliptic fibration ψ • γ over ψ(L); • δ = the number of singular points of S d contained in Bs(H); • P 1 , . . . , P δ = singular points of S d contained in Bs(H);
• ω = the number of singular points of the surface S not contained inL; •Ā 1 , . . . ,Ā ω = points in Sing(S \L);
• F = a general fiber of ψ;
• ζ = the number of points in Sing(S).
is a fiber of the elliptic fibration ψ, and Q i ∈L, where the possible values of the numbers δ, ǫ, ζ, ω, the possible types of the singular points P i ,P i ,Q i ,Ā i , the possible types of the elliptic fibersL, and the possible equations of the curves C i are contained in Table 1 in Appendix.
Proof. The minimal resolution of S d is a minimal model, which implies that the birational morphism π • γ :S → S d is the minimal resolution. Now the other claims can be obtained case by case using the list of all possible elliptic fibers in [3] , the list of possible singularities of the surface S d in Table 2 in Appendix, and the fact that a 2L is a fiber of the elliptic fibration ψ.
Therefore, Lemma 2.1 implies the following result. Theorem 2.9. Suppose that all the singular points of S d are defined over F. Then the set of F-rational points on S d is Zariski dense for N = 1, 2, 4, 5, 6, 7, 9, 11, 12, 13, 15, 17, 20, 25, 30, 31, 41. It is unfortunate that we can not apply Lemma 2.1 to the surface S in the cases when the elliptic fibration ψ has a unique rational section.
3. Weighted Fano 3-fold hypersurfaces.
Let X d ⊂ P (1, a 2 , a 3 , a 4 , a 5 ) be a sufficiently general quasismooth anticanonically embedded Fano hypersurface of degree d defined over a number field F with at most terminal Q-factorial singularities. It is clear that
For the list of such Fano hypersurfaces, see Table 3 in Appendix.
The purpose of this section is to study the potential density of the set of rational points of the hypersurface X d in the case when N = 2, 4, 5, 6, 7, 9, 11, 12, 13, 15, 17, 19, 20, 23, 25, 27, 30, 31, 33, 38, 40, 41, 42, 44, 58, 60, 61, 68, 76 . Before we proceed, we should remark that for N = 1, i.e., a smooth quartic 3-fold, the potential density of rational points on X d is proved in [22] . Proof. The hypersurface X 5 ⊂ P(1, 1, 1, 1, 2) is birationally equivalent to a double cover of P 3 ramified along a reduced irreducible sextic surface having exactly 15 ordinary double points (see [14] and [18] ). Thus rational points on X 5 are potentially dense by [14] . Proof. The proofs for N = 4 and N = 6 are almost the same. Therefore, we consider only the case N = 6. We have a hypersurface X 8 ⊂ P(1, 1, 1, 2, 4). Replacing F by its finite extension if necessary, we can assume that X 8 is given by the equation
where f i (x, y, z) is a sufficiently general homogeneous polynomial of degree i. In particular, the hypersurface X 8 is singular at the points P 1 = (0 : 0 : 0 : 1 : 1) and P 2 = (0 : 0 : 0 : 1 : −1). Both the singular points are locally isomorphic to a cyclic quotient singularity of type 1 2 (1, 1, 1) and F-rational points. Applying Proposition 2.3 to a sufficiently general surface in the linear system | − K X 8 |, we see that the set of F-rational points of the hypersurface X 8 is Zariski dense. Proof. Let X 8 ⊂ P(1, 1, 2, 2, 3) be a sufficiently general hypersurface of degree 8. Replacing the field F by its finite extension if necessary, we can assume that all the singular points of the hypersurface X 8 are defined over the field F. Now we can apply Proposition 2.6 to a sufficiently general surface in the pencil | − K X 8 |, which implies the density of the set of F-rational points of X 8 . Proof. We consider a sufficiently general hypersurface X 10 ⊂ P(1, 1, 2, 2, 5) of degree 10. As before, we may assume that singular points of X 10 are defined over F and we can apply Proposition 2.7 to a general surface in | − K X 10 |, which implies the statement. Proof. Let X 12 ⊂ P F (1, 2, 3, 3, 4) be a sufficiently general hypersurface given by the equation
where a ijklm ∈ F and we may assume that a 00040 = 0 and a 00003 = 1, possibly after replacing the field F by its finite extension. Let P = (0 : 0 : 0 : 1 : 0). Then the hypersurface X 12 has a cyclic quotient singularity of type 1 3 (1, 2, 1) at the point P . Let α : V → X 12 be the Kawamata blow up at P . Then the equality −K 3 V = 0 holds, the linear system | − 6K V | has no base point, and
where E = α −1 (P ) ∼ = P(1, 1, 2). Let ψ : V → P(1, 2, 3) be the morphism given by the linear system | − 6K V |. Then a general fiber of ψ is a smooth elliptic curve (see Lemma 4.2).
The restriction ψ| E : E → P(1, 2, 3) is a triple cover, namely, the divisor E is a 3-section of the elliptic fibration ψ. In the case when the morphism ψ| E is branched at a point contained in a smooth scheme-theoretic fiber of ψ, the set of rational points of the 3-fold V is potentially dense (see [6] and [7] ) because E is rational. Therefore, it is enough to find a smooth scheme-theoretic fiber C of ψ such that the intersection C ∩ E consists of at most two points.
Let Z be the curve on X 12 given by the equations x 2 = λx 2 1 and x 3 = µx 3 1 , where λ, µ ∈ F, andẐ = α −1 (Z). ThenẐ is a fiber of ψ. The intersectionẐ ∩ E consists of three different points if and only if Z has an ordinary triple point at P . However, the curve Z has an ordinary triple point at the point P if and only if the homogeneous polynomial . Then the generality of the hypersurface X 12 together with the Bertini theorem imply that the curvê Z is smooth but the intersectionẐ ∩ E consists of only two different points.
The application of Proposition 2.8 to a general surface in | − K X d | together with the arguments of the proofs of Lemmas 3.3 and 3.4 imply the following result. Let N ∈ {23, 27, 33, 38, 40, 42, 44, 58, 60, 61, 68, 76} and φ : X d P(1, a 2 , a 3 ) be the rational map induced by the projection P(1, a 2 , a 3 , a 4 , a 5 ) P(1, a 2 , a 3 ).
Lemma 3.8. There are only finitely many reducible fibers of φ.
Proof. We consider only the case N = 58 because the other cases are similar. Let X 24 be a sufficiently general hypersurface of degree 24 in P (1, 3, 4, 7, 10) . It is enough to show that the fiber C of φ over a point (p 1 : p 2 : p 3 , ) ∈ P(1, 3, 4) is irreducible if p 1 = 0 and the point (p 1 : p 2 : p 3 ) belongs to the complement of a finite number of points in P(1, 3, 4).
The fiber C is a curve of degree . Similarly, it is impossible to have infinitely many curves of degree 7 70 on X 24 . Therefore, the fiber C is irreducible whenever the point P is in the outside of the finitely many points in P(1, 3, 4) and not in the hyperplane x 1 = 0. Consequently, the statement for the case N = 58 is true. Proof. Let Z be a general curve in |O P(1, a 2 , a 3 ) (a 2 )| and Y = ψ −1 (Z). Then Lemma 3.8 implies the existence of a partial resolution π : S → Y such that the following holds:
• the surface S has isolated singularities;
• the rational map ψ = π • φ is an elliptic fibration;
• every fiber of the elliptic fibration ψ is irreducible;
• there are two irreducible π-exceptional curves
Replacing the field F by its finite extension, we can assume that S, E 1 , E 2 , Z, and ψ are defined over F and the curve Z has an F-rational point. Moreover, elementary calculations imply that E 1 and E 2 are sections of the elliptic fibration ψ. Therefore, the set of F-rational points of the surface S is Zariski dense by Lemma 2.1, which concludes the proof. Therefore, we have proved Theorem 1.5.
Elliptic fibrations.
Let X d be a sufficiently general quasismooth anticanonically embedded Fano hypersurface in P(1, a 2 , a 3 , a 4 , a 5 ) of degree d with at most terminal Q-factorial singularities.Then the following holds:
• for N = 1, a sufficiently general fiber of the projection of a smooth quartic 3-fold X 4 ⊂ P 4 from a line contained in X 4 is a smooth elliptic curve; • for N = 2, the 3-fold X 6 is birational to a double cover of P 3 ramified along a singular nodal sextic (see [14] ), which is birationally equivalent to an elliptic fibration. Proof. Let C be a general fiber of the projection X d P(1, a 2 , a 3 ). Then C is not a rational curve by [18] but C is a hypersurface of degree Proof. We consider only the case N = 19 because in the other cases the proof is similar.
When N = 19, the hypersurface X 12 in P(1, 2, 3, 3, 4) is given by
where f i is a general quasi-homogeneous polynomial of degree i. The point (0 : 0 : 0 : 1 : 0) is a singular point of the hypersurface X 12 of type 1 3 (1, 2, 1). Let H be the pencil of surfaces on the 3-fold X 12 cut by the equations λx 2 1 + µx 2 = 0 and B the pencil of surfaces on the 3-fold X 12 cut by δx 3 1 + γx 3 = 0, where (δ : γ), (λ : µ) ∈ P 1 . Then the linear systems H and B give a map ρ :
which is not defined in Bs(H) ∪ Bs(B). Let C be a general fiber of ρ. Then C is the intersection of two surfaces S H ∈ H and S B ∈ B. We may assume that S H is given by the equation x 2 = λx 2 1 and S B is given by the equation x 3 = δx 3 1 , which implies that the curve C is a hypersurface in P(1, 3, 4) ∼ = Proj(F[x 1 , x 4 , x 5 ]) containing the point (0 : 1 : 0). Thus, the affine piece of C given by x 1 = 0 is a cubic in C 2 but C is not rational (see [18] ). Hence, the fiber C is elliptic.
Therefore, we have obtained To complete the proof of Theorem 1.6, we need to show that the 3-fold X d is not birational to an elliptic fibration when N ∈ {3, 75, 84, 87, 93}. Suppose that N ∈ {3, 75, 84, 87, 93} but there are a birational map ρ : X d V and a morphism ν : V → P 2 such that V is smooth and a general fiber of the morphism ν is a smooth elliptic curve. We must show that these assumptions lead us to a contradiction. Let D = |ν * (O P 2 (1)| and M = ρ −1 (D). Then M ∼ −kK X d for some natural number k because the group Cl(X d ) is generated by −K X d (see [19] ).
Proposition 4.4. The singularities of the log pair
Proof. The singularities of the log pair (X d , 1 k M) are canonical by [18] . Suppose that the singularities of the log pair (X d ,
where α and β are birational morphisms and W is smooth. Then we have
where G i is a β-exceptional divisor, F j is an α-exceptional divisor, a j and b i are rational numbers, and
because C is an elliptic curve, while the divisor k j=1 a j F j is effective by our assumption.
An irreducible subvariety Z X d is called a center of canonical singularities of (X d ,
where E i is an f -exceptional divisor, a 1 0, and f (E 1 ) = Z. The set of all centers of canonical singularities of the log pair ( We may assume that N = 3 due to Theorem 1.4.
Proof. Let H be a very ample divisor on X d . Then H ∼ −aK X d for some a ∈ N and
where S 1 and S 2 are general surfaces in M. We obtain mult C (M) < k from the inequalities, and hence the curve C cannot be a center of canonical singularities of (X d ,
It should be pointed out that it follows from Lemma 4.6 that the set CS(X d , 1 k M) does not contains curves (see Lemmas 3.2 and 3.5 in [42] ). However, for our purpose the following is enough.
Proof. See [29] or Corollary 3.4.3 in [18] .
Therefore, there is a point P ∈ Sing(X d ) such that P is a center of canonical singularities of the log pair (X d , Let S 1 and S 2 be two different surfaces in B.
Y , which implies that the class of S 1 · S 2 generates the extremal ray of the cone NE(Y ) that contains the curve Γ. However, every effective cycle C ∈ R + Γ is contained in Supp(S 1 · S 2 ) because S 1 · Γ < 0 and S 2 · Γ < 0.
Let Q be a sufficiently general point in Y \ Supp(S 1 · S 2 ) and P be the linear subsystem of B consisting of divisors passing through the point Q. Then the linear system P does not have fixed components because the linear system B is not composed from a pencil by construction. Therefore, we can apply the previous arguments to the linear system P instead of B to prove the following: for any two general surfaces D 1 and D 2 in the linear system P, the cycle D 1 · D 2 generates the extremal ray of the cone NE(Y ) that contains the curve Γ. In particular, we have 
In the case N = 5, Conjecture 4.12 is proved in [42] . Proof. In the notations of the proof of Theorem 1.6, there is a point P ∈ Sing(X d ) such that P is a center of canonical singularities of the log pair (
There is exactly one singular point of the hypersurface X d , say the point Q, such that we have −K 3 Y = 0 if P = Q, and −K 3 Y < 0 if P = Q. In the case when P = Q we can proceed as in the proof of Theorem 1.6 to derive a contradiction. Thus, we have P = Q.
The linear system | − rK Y | does not have base points for some r ∈ N and induces a morphism φ : Y → P(1, a 2 , a 3 ) such that φ = ψ • π. However, for a sufficiently general surface S ∈ B and a general fiber C of φ we have S · C = 0. Hence, B lies in the fibers of the elliptic fibration φ, which implies the claim. Therefore, the hypersurface X d is birational to a unique elliptic fibration in many cases.
K3 Fibrations.
Let X d be a sufficiently general quasismooth anticanonically embedded Fano hypersurface of degree d in P (1, a 2 , a 3 , a 4 , a 5 ) with at most terminal singularities. In this section we prove Theorem 1.7. (1, −1, 1). Then a general surface in H is a compactification of a quartic in C 3 , which implies that X d is birational to a K3 fibration.
Suppose that N is not 18, 22, 28. Let ψ : X d P 1 be the rational map induced by the projection P(1, a 2 , a 3 , a 4 , a 5 ) P(1, a 2 ) and S be a general fiber of ψ. Then the surface S is a hypersurface of degree d in P (1, a 3 , a 4 , a 5 ) that is not uniruled because X d is birationally rigid by [18] . Therefore, we may assume in the following that a 2 = 1. Let us show that S is birational to a K3 surface.
Proof. The surface S is a compactification of a quartic in C 3 .
⌋ 6, the surface S is birational to a K3 surface.
Proof. The surface S is a compactification of a double cover of C 2 ramified along a sextic curve, which implies that S is birational to a K3 surface. Proof. In the case N = 91, the rational map ψ is studied in Example 2.5 in [42] , which implies that the surface S is birational to a K3 surface. We use the same approach for the others. But we consider only the case N = 72 because the proof is identical in the other cases (see Lemma 5.4.3 in [18] ).
Let X 30 be a general hypersurface in P (1, 2, 3, 10, 15 ) of degree 30. Let Γ be the curve on X 30 given by the equation x 1 = x 2 = 0 and B the pencil of surfaces on X 30 cut by the equations λx 2 1 + µx 2 = 0, where (λ : µ) ∈ P 1 . Then the surface S belongs to B, the curve C is the base locus of the pencil B, and ψ is the rational map given by B. Moreover, it follows from the generality of X 30 that the curve Γ is reduced, irreducible, and rational.
Let P be a singular point of X 30 of type 1 3 (1, 2, 1) and π : V → X 30 be the Kawamata blow up at the point P with the exceptional divisor E ∼ = P (1, 1, 2) . Let M,Γ,Ŝ, andŶ be the proper transforms on V of the pencil B , the curve Γ, the fiber S, and the surface Y cut by x 1 = 0 on X 30 , respectively. ThenŜ ∈ M, −4K 3 V =Ŝ ·Γ < 0, the curveΓ is the base locus of the pencil M, and the equivalenceŝ
hold (see Proposition 3.4.6 in [18] ). The surfaceŶ has canonical singularities because Y does so.
Let NE(V ) ⊂ R 2 be the cone of effective curves of V . Then the class of −E · E generates one extremal ray of the cone NE(V ), while the curveΓ generates another extremal ray of the cone NE(V ) becauseŜ ·Γ < 0 andΓ is the only base curve of the pencil M. The curvê Γ is the only curve contained in the extremal ray generated byΓ.
The log pair (V,Ŷ ) has log terminal singularities by Theorem 17.4 in [31] , which implies that the singularities of (V,Ŷ ) are canonical becauseŶ ∼ −K V . Hence, for a sufficiently small rational number ǫ > 1 the singularities of the log pair (V, ǫŶ ) are still log terminal but the inequality (K V + ǫŶ ) ·Γ < 0 holds. Therefore, there is a log flip α : V U along the curveΓ by [47] . Let P = α(M),Ȳ = α(Ŷ ),S = α(Ŝ), andΓ be the flipped curve on U , i.e., V \Γ ∼ = U \Γ, that is possibly reducible. Then the surfaceS is a member of the pencil P, the log pair (U, ǫȲ ) has log terminal singularities,S ·Γ = 2Ȳ ·Γ < 0, −K U ∼Ȳ , andS ∼ −2K U , which imply that the singularities of (U,Ȳ ) are canonical. Hence, the singularities of U are canonical.
Suppose Bs(P) = ∅. Then Bs(P) consists of a possibly reducible curve Z that is numerically equivalent toΓ. Hence, every surface in P is numerically effective. Let H be a general very ample divisor on V andH = α(H). ThenH · Z < 0, which implies Z ⊂H. Therefore, the inequalityH ·S 1 ·S 2 < 0 holds for general surfacesS 1 andS 2 in P, which contradicts the numerical effectiveness of S 2 becauseH ·S 1 is effective. Consequently, the pencil P has no base points, and hence the surfaceS has canonical singularities.
Let φ : U → P 1 be the morphism given by the pencil P. Then the surfaceS is a sufficiently general fiber of φ and 2Ȳ is a fiber of φ. Moreover, we have KS ∼ 0 by the adjunction formula because −K U ∼Ȳ andȲ |S ∼ 0. Therefore, the surfaceS is either a K3 surface or an abelian surface. Let C = E ∩Ŝ. ThenS contains α(C) because C =Γ and α is an isomorphism in the outside ofΓ. However, a component of C must be rational because C is a hypersurface of degree 2 in P(1, 1, 2), which implies thatS cannot be an abelian surface 
and birational to S. The surfaceS is a compactification of a double cover of C 2 ramified along a sextic curve. Therefore, the surfaceS is birational to a K3 surface.
Lemma 5.7. When N = 56, the surface S is birational to a K3 surface.
Proof. The surface S is a hypersurface of degree 24 in P (1, 3, 8, 11) given by the equation
3 It seems to us that there are no rationally connected 3-folds fibred into abelian or bielliptic surfaces.
where f i is a general quasi-homogeneous polynomial of degree i. Now introducing new variable y = x 1 x 5 of weight 12, we obtain the hypersurfaceS of degree 24 in P (1, 3, 8, 12) given by the equation
The surfaceS is birational to the surface S. We have KS ∼ 0, which implies the claim.
Lemma 5.8. When N = 68, the surface S is birational to a K3 surface.
Proof. The surface S is a quasismooth hypersurface of degree 28 in Proj(C[x 1 , x 3 , x 4 , x 5 ]), where wt(x 1 ) = 1, wt(x 3 ) = 4, wt(x 4 ) = 7, wt(x 5 ) = 14. The surface S has a canonical singular point Q of type A 1 and two singular points P 1 and P 2 of type 1 7 (1, 4). Let P be the pencil of curves on S given by λx 4 1 + µx 3 = 0, (λ : µ) ∈ P 1 . Then the pencil P gives a rational map φ : S P 1 whose general fiber is an elliptic curve. Let τ : Y → S be the minimal resolution of singularities, Z = τ −1 (x 1 = 0), and ψ = φ • τ . Then ψ is a morphism and the curve Z lies in a fiber of ψ. Consider τ -exceptional curves E,Ê 1 ,Ě 1 ,Ê 2 ,Ě 2 , where
Let L be the fiber of ψ over the point ψ(Z). Then Z ∼ = τ (Z) ∼ = P 1 , the curve Z is a component of L of multiplicity 4, the fiber L contains the curve E, and either the surface Y is a minimal model or Z 2 = −1. Taking into account all possibilities for the fiber L to be a blow up of a reducible fiber of minimal smooth elliptic fibration, we see that Z 2 = −1, the curvesÊ 1 andÊ 1 are sections of ψ, butĚ 1 andĚ 2 are contained in the fiber L. On the other hand, the equivalences
hold. Let γ : Y →Ȳ be the contraction of the curves Z and E. ThenȲ is smooth, the curve γ(L) is a fiber of type III of the relatively minimal elliptic fibration ψ • γ −1 , and the equivalence KȲ ∼ 0 holds. Therefore, the surface S is birational to a K3 surface.
Lemma 5.9. When N = 83, the surface S is birational to a K3 surface.
Proof. The surface S is a general hypersurface of degree 36 in P(1, 4, 11, 18) ∼ = Proj(C[x 1 , x 3 , x 4 , x 5 ]), where wt(x 1 ) = 1, wt(x 3 ) = 4, wt(x 4 ) = 11, and wt(x 5 ) = 18. Therefore, the surface S has a canonical singular point Q of type A 1 given by the equations x 1 = x 4 = 0 and an isolated singular point P at (0 : 0 : 1 : 0). Note that the surface S is not quasismooth at the point P which is not a rational singular point of S a posteriori.
Let P be the pencil of curves on S given by the equations λx 4 1 + µx 3 = 0, where (λ : µ) ∈ P 1 , C be a general curve in P, and ν :Ĉ → C be the normalization of the curve C. Then the base locus of the pencil P consists of the point P and P gives a rational map φ : S P 1 whose general fiber is C. On the other hand, the curve C is a hypersurface of degree 36 in P (1, 11, 18) . Therefore, the curveĈ is an elliptic curve, and the birational map ν is a bijection because C is a compactification of the affine curve
which is a double cover of C ramified at three points. In particular, we have κ(S) 1.
Let τ : Y → S be the minimal resolution of singularities of S. Then we have an elliptic fibration ψ : Y → P 1 such that ψ = φ • τ . We can identify a general fiber of ψ with the curveĈ and the normalization ν with the restriction τ |Ĉ . Therefore, there is exactly one exceptional curve Z of the resolution τ not contained in a fiber of ψ. The curve Z must be a section of ψ.
Let F be the proper transform of the smooth rational curve in the pencil P that is given by the equation x 1 = 0, E be the exceptional curve of the morphism τ that is mapped to the point Q, and E 1 , . . . , E k be exceptional curves of the birational morphism τ that are different from the curves Z and E. Then τ (E i ) = τ (Z) = P and the union
lies in a single fiber L of ψ. Moreover, the smooth rational curve F is a component of the fiber L of multiplicity 4, the curve E is rational, and E 2 = −2. We have
where a, b, c i are rational numbers. The elliptic fibration ψ is not relatively minimal, but the curve F is the only curve in the fiber L whose self-intersection is −1.
Let ξ : Y →Ȳ be the birational morphism such that the surfaceȲ is the minimal model of the surface Y and η = ψ • ξ −1 . Then η :Ȳ → P 1 is a relatively minimal elliptic fibration. LetL = ξ(L). Then KȲ ∼ Q γL for some rational number γ 0. Hence, we have
where α, β, δ i are non-negative integer numbers. Because the birational morphism ξ must contract the curves F and E, we see that α 2, β 1. Also, δ i = 0 if and only if the curve E i is contracted by ξ. Moreover, the equality α = 2 implies that the only curves contracted by ξ are the curves F and E. Hence, the inequality γ 0 and the equivalence
imply that γ = 0, α = 2, and k > 0. In particular, the surfaceȲ is either a K3 surface or an Enriques surface. On the other hand, the only possible multiple fiber of the elliptic fibration η is the fiberL, which implies thatȲ is a K3 surface.
Therefore, we have proved Theorem 1.7. In addition, we have shown that X d is birational to a K3 fibration whose sufficiently general fiber is an elliptic K3 surface if N ∈ {3, 75, 87, 93} (see Remark 4.11).
In the proof of Lemma 5.9 the equality α = 2 and the fact that F is a component of L of multiplicity 4 imply thatL is an elliptic fiber of type I * r , while the birational morphism ξ is the composition of the blow up at a point of the component of the fiberL of multiplicity 2 and the blow up at the intersection point of the proper transform of the component of multiplicity 2 with the exceptional curve on the first blow up. Moreover, it was pointed out to us by D.Stepanov that one can explicitly resolve the singularity of the surface S at the point P to prove that S is birational to a smooth K3 surface. Indeed, the surface S can be locally given near P by the equation
where P = (0, 0, 0).
Let σ 1 be the weighted blow up of C 3 / Z 11 (7, 4, 1) at the point P with the weight 1 11 (10, 3, 1). Then the blown up variety is covered by 3 affine charts, the first chart is isomorphic to C 3 /Z 10 (1, −3, −1), and in the first chart σ 1 is given by x = x 10/11 , y = x 3/11 y, z = x 1/11 z, where we denote the coordinates on C 3 /Z 10 (1, −3, −1) by the same letters x, y, z as the coordinates on C 3 / Z 11 (7, 4, 1). The full transform of S is given by the equation x 20/11 + x 9/11 y 3 + x 9/11 z 9 = 0, but the strict transformS of the surface S is given by the equation
and the exceptional divisor x = 0 = y 3 + z 9 = 3 i=1 (y + ε i z 9 ) consists of 3 smooth rational curvesĒ 1 ,Ē 2 ,Ē 3 that intersect at the singular point (0, 0, 0), where ε is a primitive cubic root of unity. The surfaceS has quotient singularity of type 1 10 (−3, −1) at the singular point (0, 0, 0). In the second chart, isomorphic to C 3 /Z 3 (−1, 2, −1), the strict transform of the surface S is given by the equation x 2 y + 1 + z 9 = 0, and in the third chart, isomorphic to C 3 , the strict transform of S is given by x 2 z + y 3 + 1 = 0, which imply that they both are nonsingular. We have a surfaceS that is locally isomorphic to C 2 / Z 10 (−3, −1) and we have 3 smooth rational curves onS given by the equation (1, 7). The blown up variety is covered by 2 charts. The first chart is C 2 and it does not contain the strict transforms of the curveĒ i . The second chart is isomorphic to C 2 / Z 7 (−1, 3) and in this chart the weighted blow up σ 2 is given by the formulas x = y 1/10 x, y = y 7/10 but the strict transform of the curveĒ i is given by the equation x + ε i y 2 = 0, where the exceptional divisorZ of σ 2 is given by y = 0.
Let σ 3 be the weighted blow up at the origin of the last chart with the weight 1 7 (2, 1). In the first chart C 2 / Z 2 (1, 1), the equation of the proper transform of the curveĒ i is 1 + ε i y 2 = 0, the equation of the proper transform ofZ is y = 0, and the exceptional divisorĒ 4 of σ 3 is given by the equation x = 0, but the second chart of the blow up σ 3 is nonsingular.
Let σ 4 be the blow up of C 2 / Z 2 (1, 1) with the weight 1 2 (1, 1) and letĒ 5 be the exceptional divisor of σ 4 . Then σ 4 resolves the singularity of S around the point P and after blowing up the singular point Q of the surface S we get our minimal resolution of singularities τ : Y → S. Let E i and Z be proper transforms of the curvesĒ i andZ on the surface Y , respectively. Then E 2 4 = −4, Z 2 = E 2 i =4 = E 2 = −2, where
is the dual graph of the smooth rational curves Z, E 1 , . . . , E 5 , F , and E. In particular, the fiberL is of type I * 0 .
6. Birational automorphisms.
Let X d be a sufficiently general quasismooth anticanonically embedded Fano hypersurface of degree d in P (1, a 2 , a 3 , a 4 , a 5 ) having terminal singularities.Then the group Bir(X d ) of birational automorphisms is generated by biregular automorphisms and a finite set of birational involutions τ 1 , . . . , τ k that are described in [18] . To be exact, we have an exact sequence of groups
where the group Γ is a subgroup of Bir(X d ) generated by a finite set of distinct birational involutions τ 1 , . . . , τ k .
In this section we describe the group Γ with group presentations. When the number k of generators of Γ is 0, namely, the group Γ is trivial, Bir(X d ) = Aut(X d ), and hence the 3-fold X d is birationally superrigid. When the number k of generators of Γ is 1, the group Γ is the group of order 2, i.e., Z/2Z. Therefore, we may assume that k 2 to prove Theorem 1. A general fiber of the projection ψ : X d P(1, a 2 , a 3 ) is a smooth elliptic curve due to Lemma 4.1.
Let π : V → X d be a resolution of indeterminacy of the rational map ψ such that V is smooth. Put φ = ψ • π. Then φ is an elliptic fibration. There are exactly 2 exceptional divisors E 1 and E 2 of the birational morphism π such that the map a 2 , a 3 ) is dominant. Moreover, the morphism φ| E i is always birational, namely, the divisor E i is a section of the elliptic fibration φ.
Let C be a very general fiber of φ, P j = E j ∩ C, and σ i = π −1 • τ i • π. Then C is an elliptic curve which is σ i -invariant and the involution σ i acts on C as the reflection at one of the points {P 1 , P 2 }. We may assume that σ i | C is the reflection at the point P i .
The composition σ 1 •σ 2 acts on the curve C as the translation by 2(P 1 −P 2 ), which implies that the divisor P 1 − P 2 is a torsion divisor on the curve C if the composition (τ 1 • τ 2 ) r is biregular for some integer r = 0. However, we already showed that the divisor P 1 − P 2 is not torsion in Pic(C) during the proof of Theorem 1.5, which concludes the proof.
Note that the statement remains true for k > 2. When the number k of generators of Γ is two, it immediately follows from Lemma 6.1 that the group Γ is the free product of two groups of order 2 generated by τ 1 and τ 2 respectively. In other words, it has the group presentation F 2 .
Lemma 6.3. When N ∈ {4, 9, 17, 27}, the number k = 3 and the identity
is the only relation between the involutions τ 1 , τ 2 , and τ 3 .
Proof. It follows from [18] that k = 3, a 4 = a 5 , and d = 3a 4 . A general fiber of the projection ψ : X d P (1, a 2 , a 3 ) is an elliptic curve. Moreover, the hypersurface X d has exactly 3 singular points P 1 , P 2 , P 3 of index a 4 which are the points of the indeterminacy of the rational map ψ.
Let π : V → X d be the Kawamata blow up at the points P 1 , P 2 , P 3 . We also let E i be the exceptional divisor of π dominating P i and φ = ψ•π. Then π is a resolution of indeterminacy of the rational map ψ; the divisors E 1 , E 2 , E 3 are sections of φ; the equivalence
holds; the linear system | − a 3 a 4 a 5 K V | is free and lies in the fibers of φ.
Let F be the field of rational functions on P(1, a 2 , a 3 ) and C be a generic fiber of the elliptic fibration φ considered as an elliptic curve over F. Then the section E j of the elliptic fibration φ can be considered as an F-rational point of the curve C. Moreover, it follows from the the proof of Theorem 1.5 that the points E 1 , E 2 , E 3 are Z-linearly independent in the group Pic(C). On the other hand, by our construction, the curve C is a hypersurface of degree 3a 4 in P(1, a 4 , a 4 ) ∼ = P 2 . Hence, the curve C is naturally embedded in P 2 as a cubic curve such that the points E 1 , E 2 , E 3 lie on a single line in P 2 . Let σ i be the involution of the curve C that interchanges the fibers of the projection of C from E i . Then σ i is a birational involution of V such that
Consider C as a group scheme. Let Q k be the point (E i + E j )/2 on the elliptic curve C, where {i, j} = {1, 2, 3} \ k. Then the involution σ k is the reflection of the elliptic curve C at the point Q k because the points E 1 , E 2 , E 3 are Z-linearly independent, which implies that Q 1 , Q 2 , Q 3 are Z-linearly independent and the compositions
are reflections at E 1 , E 2 , E 3 respectively. Thus, we have the identity
which implies the similar identities that can be obtained from τ 1 • τ 2 • τ 3 = τ 3 • τ 2 • τ 1 by a permutation of the elements in the set {1, 2, 3}.
It follows from [18] that for any linear system M on the hypersurface X d having no fixed components such that M ∼ Q −rK X d for some r ∈ Q, the singularities of the log pair (X d , 1 r M) are canonical in the outside of the points P 1 , P 2 , P 3 . Moreover, when the singularities of the log pair (X d , 1 r M) are not canonical at the point P i , we have 1
where B is the proper transform of M on V and m i > 1 a 4
. We have the inequality Proof. Let X 8 ⊂ P (1, 1, 2, 2, 3 ) be a sufficiently general hypersurface of degree 8. It has 4 singular points P 1 , . . . , P 4 of type 
where
which is an elliptic fibration. Moreover, the divisor E i is a 2-section of the fibration ψ i , while the divisor F i is a section of ψ i . Up to relabelling, the birational involutions τ 1 , . . . , τ 5 can be constructed as follows: the involution τ i is induced by the reflection of a general fiber of ψ i at F i but the involution τ 5 is induced by the natural projection X 8 P(1, 1, 2, 2).
Let M be a linear system on the hypersurface X 8 without fixed components such that M ∼ Q −rK X 8 for some positive rational number r. Then the singularities of the log pair (X 8 , 1 r M) are canonical in the outside of the points P 1 , . . . , P 4 , Q due to [18] . Let B i be the proper transform of M on V i . Then
where m i and m are positive rational numbers. Moreover, the log pair (X 8 , In order to prove that the involutions τ 1 , . . . , τ 5 do not have any relation, it is enough to prove that the log pair (X 8 , 1 r M) is not canonical at at most one point (see [24] ). However, the inequality 2m i + m 4r 3 implies that the log pair (X 8 , 1 r M) is canonical at one of the points P i and Q. Therefore, to conclude the proof we must show that for i = j the log pair (X 8 , 1 r M) is canonical at one of the point P i and P j . 4 The following argument is due to A.Borisov. Let W be a composition of σ1, σ2, σ3 such that W is the identity map of the elliptic curve C and W does not contain squares of σi. Then we can show that W has even number of entries and each entry appears the same number of times in the even and odd position, and we can use the identity σ1 • σ2 • σ3 = σ3 • σ2 • σ1 to make σ3 jump 2 spots left or right. Shifting the last σ3 in the odd position in W that is followed not right away by σ3 in the even position, we can collapse them and get a composition of σ1, σ2, σ3 having a smaller number of entries. Therefore, the only relation between the involutions σ1, σ2, σ3 is the identity σ1
Suppose that the log pair (X 8 , 1 r M) is not canonical at the points P 1 and P 2 . Let S be a sufficiently general surface in the linear system |− K X 8 | and C be the base curve of |− K X 8 |. Then S is a K3 surface whose singular points are the singular points of X 8 . The point P i is a singular point of type A 1 on the surface S and the point Q is a singular point of type A 2 on S. The curve C is a smooth rational curve passing through the points P 1 , . . . , P 4 , and Q. We have M| S = P + mult C (M)C, where P is a linear system on S without fixed components. Moreover, the inequality mult C (M) < r holds; otherwise the log pair (X 8 , 1 r M) would not be canonical at the point Q by [29] .
Let π : Y → S be the blow up at the points P 1 and P 2 , G i = π −1 (P i ),C = π −1 (C), and H be the proper transform of the linear system P on the surface Y . Then
However, we haveC 2 = − 1 3 on the surface Y and we see that
which is a contradiction. Proof. We have a general hypersurface X 13 ⊂ P(1, 1, 3, 4, 5) given by
where f i is a sufficiently general quasihomogeneous polynomial of degree i. In particular, the 3-fold X 13 has 3 singular points at P = (0 : 0 : 1 : 0 : 0), Q = (0 : 0 : 0 : 1 : 0), O = (0 : 0 : 0 : 0 : 1) and a general fiber of the natural projection of X 13 to P (1, 1, 3) is an elliptic curve. However, a general fiber of the natural projection of X 13 to P(1, 1, 4) may not be an elliptic curve.
Let us take t = x 3 f 1 (x 1 , x 2 )+ f 4 (x 1 , x 2 , x 4 ) as a homogeneous variable of weight 4 instead of the homogeneous variable x 4 . Then the hypersurface X 13 is given by the equation
where g i is a sufficiently general quasihomogeneous polynomial of degree i. A general fiber of the natural projection of X 13 to P (1, 1, 4) is an elliptic curve.
Up to relabelling, the involutions τ 1 , τ 2 , τ 3 can be constructed as follows:
• the birational involution τ 1 is induced by the reflection of a general fiber of the natural projection X 13 P(1, 1, 4) at the point O; • the birational involution τ 2 is induced by the reflection of a general fiber of the natural projection X 13 P (1, 1, 3 ) at the point O; • the birational involution τ 3 is induced by the reflection of a general fiber of the natural projection X 13 P (1, 1, 3) at the point Q but the involution τ 3 is also induced by the natural projection X 13 P (1, 1, 3, 4) .
Let M be any linear system on X 13 without fixed components such that M ∼ Q −rK X 13 for some positive rational number r. Then the singularities of the log pair (X 13 , 1 r M) are canonical in the outside of the points P , Q, O due to [18] , and the equivalence τ i (M) ∼ Q −r ′ K X 8 holds for some rational number r ′ < r in the following cases:
• the log pair (X 13 , 1 r M) are not canonical at the point P and i = 1;
• the log pair (X 13 , 1 r M) are not canonical at the point Q and i = 2;
• the log pair (X 13 , 1 r M) are not canonical at the point O and i = 3. In order to prove that the involutions τ 1 , τ 2 , τ 3 are not related by any relation, it is enough to show that the singularities of the log pair (X 8 , 1 r M) is not canonical at at most one point.
Suppose that (X 13 , 1 r M) is not canonical at the points P and O. Let α : V → X 13 be the Kawamata blow up at the points P and O. Then
where E = α −1 (P ) and F = α −1 (O). The linear system | − 4K V | does not have base points and induces the morphism ψ : V → P(1, 1, 4) which is an elliptic fibration. The divisor F is a section of ψ and the divisor E is a 2-section of ψ. Let B be the proper transform of the linear system M on the 3-fold V . Then
where a and b are rational numbers such that 3a > r and 5b > r. Intersecting the linear system B with a sufficiently general fiber of ψ, we see that
which is impossible because 3a > r and 5b > r.
We next suppose that (X 13 ,
is not canonical at the points Q and O. Let γ : W → X 13 be the Kawamata blow up at the points Q and O. Then
where G = α −1 (Q) and H = α −1 (O). The linear system | − 3K W | does not have base points and induces the morphism φ : W → P(1, 1, 3) which is an elliptic fibration. Let D be the proper transform of the linear system M on the 3-fold W . Then
where c and d are rational numbers such that 4c > r and 5d > r.
A sufficiently general surface in | − K X 13 |, which is an elliptic K3 surface, has a special fiber passing through the points Q and O that is smooth at the point Q but singular at the point O (see Table 1 ). Therefore, we have a one dimensional family of curves that are smooth at Q and singular O. Let C be a sufficiently general such curve. Intersecting the linear system D with the curve C, we obtain the inequality c + 2d 13r 20 .
However, it is impossible because 4c > r and 5d > r.
Let S be a sufficiently general surface in the linear system | − K X 13 | and L be the curve on the hypersurface X 13 cut by the equations x 1 = x 2 = 0. Then S is a K3 surface whose singular points are the singular points of X 13 . The point P is a singular point of type A 2 on the surface S, the point Q is a singular point of type A 3 on the surface S, and the point O is a singular point of type A 4 on the surface S. The curve L is a smooth rational curve passing through P , Q, O, the inequality mult L (M) < r holds by [29] , and
where P is a linear system on S without fixed components.
Finally, we suppose that the log pair (X 13 , 1 r M) is not canonical at the singular points Q and P . Let π : Y → S be the weighted blow up at the points P and Q that is induced by the Kawamata blow ups of the hypersurface X 13 at the points P and Q. Then
where by [29] . The curveL intersects the curves E P and E Q at singular points of types A 1 and A 2 respectively. Therefore, the inequalitiesL · E P 1 2 andL · E Q 1 3 hold. Hence, we have
which is a contradiction.
Therefore, we proved Theorem 1.8.
Degree of irrationality.
Let V be an algebraic variety defined over C and K(V ) be its field of rational functions.
Definition 7.1. The degree of irrationality d(V ) of the variety V is the minimal degree of a field extension
, where x 1 , . . . , x n are algebraically independent rational functions on V .
The degree of irrationality d(V ) of the variety V that is birational invariant of V is nothing but the minimal degree of a generically finite dominant rational map V P n , where n = dim(V ). In particular, the variety V is rational if and only if d(V ) = 1. The degree of irrationality defined above has been introduced in [34] , where the following result is proved. Moreover, the following result is proved in [56] . It is well known that Theorem 7.3 fails if we drop either the uniruledness assumption or the assumption that dim(V ) = 2 (see [16] , [25] , [56] ).
In the case of curves, the degree of irrationality is nothing but the gonality and its properties are extensively studied. Moreover, the degrees of irrationality of uniruled surfaces have similar nature due to the following result in [54] .
Unfortunately, only a few sporadic results about the degrees of irrationality of nonuniruled surfaces are known. The following result is due to [51] , [55] , and [57] .
Theorem 7.5. Let S be a minimal smooth surface of Kodaira dimension zero.
• If S is an Enriques surface, then d(S) = 2.
• If S is a K3 surface with rk Pic(S) = 20, then d(S) = 2.
• If S is a quartic in P 3 with rk Pic(S) = 1, then d(S) = 3.
• If S is abelian, then d(S) ≥ 3.
• If S is bielliptic and 2K S ∼ 0, then d(S) = 2.
• if S a bielliptic and 2K S ∼ 0, then 3 d(S) 4.
There are abelian surfaces whose degree of irrationality is 3 (see [51] ) but we do not know whether there is an abelian surface of degree of irrationality greater than 3.
It is easy to check that Conjecture 7.6 holds for K3 surfaces listed in Table 2 . Moreover, for a minimal smooth K3 surface S, the equality d(S) = 2 is equivalent to the existence of a biregular involution τ of the surface S such that τ acts nontrivially on the nonzero holomorphic form of S and the fixed locus of τ contains a curve (see [1] , [2] , [37] , [38] , [39] , [58] ). Thus, we have d(S) 3 when rk Pic(S) = 1 and the surface S is not a double cover of P 2 ramified along a sextic (see Corollary 10.1.3 in [38] ). Hence, it follows from [35] that d(S) 3 when the surface S is either a very general complete intersection of a quadric and a cubic or a very general complete intersection of 3 quadrics.
Let us consider the degrees of irrationality of rationally connected 3-folds (see [30] ). Proof. If dim(Z) = 2, the fibration π : V → Z is a conic bundle, which easily implies d(V ) 2. If dim(Z) = 1, the 3-fold V is birational to an elliptic fibration with a section (see [12] ), which implies d(V ) 2.
Therefore, in the case when dim(Z) > 0, the problem of possible values of the degree of irrationality of V is equivalent to the problem of rationality of del Pezzo fibrations and conic bundles, which has been studied quite extensively (see [13] , [41] , [45] , [46] ). Proof. We may assume that V is birational neither to a conic bundle nor to an elliptic fibration with a section. Then V is either a double cover of P 3 ramified along a sextic or a smooth quartic 3-fold (see [26] ). In both cases V is not rational (see [24] , [25] ), in the former case d(V ) = 2, but in the latter case d(V ) 3 because a projection X P 3 from a point of X is a dominant rational map of degree 3.
Obviously, the degree of irrationality of a smooth quartic 3-fold is either 2 or 3 (see [25] ). Proof. Suppose that d(V ) = 2. Let K(V ) be the field of rational functions of V . Then there is a finite field extension K(V ) ⊃ C(x 1 , x 2 , x 3 ) of degree 2 that induces a birational involution τ of V . The birational involution τ is biregular because Bir(V ) = Aut(V ) by [25] . However, the group Aut(V ) is trivial (see [33] , [40] ).
It seems reasonable for us to expect the following. Suppose we have a smooth quartic 3-fold V in P 4 with d(V ) = 2. Then there is a biregular involution τ of V such that the quotient 3-fold V /τ is rational. The fixed locus of involution τ is either a smooth quartic surface or the disjoint union of a smooth plane quartic curve and four distinct points. In the former case the quotient V /τ is a double cover of P 3 ramified along a smooth quartic, which is not rational (see [52] ). Therefore, the involution τ fixes the disjoint union of a smooth plane quartic curve and four points. We may assume that the quartic V ⊂ Proj(C[x, y, z, t, w]) is given by the equation 1, 1, 1) . The forms x, y, and z generate the anticanonical linear system | − K Y | which gives a rational map to P 2 whose general fiber is a smooth elliptic curve. Let H be the pencil on the 3-fold Y generated by the forms t and w. Then the base locus of H consists of the curve ψ(C) but a general surface in H is a smooth del Pezzo surface of degree 2.
Let ρ :Ŷ → Y be the blow up at the points
. Then the linear system | − KŶ | has no base points and −K 3 Y = 0. Therefore, there is an elliptic fibration η :Ŷ → P 2 such that E i is a section of η. In particular, the reflection of the generic fiber of η with respect to the section E i induces an involution τ i ∈ Bir(Y ), which is not biregular whenever the polynomials a 2 , b 2 , c 2 are sufficiently general. However, it is easy to see that the involution τ i is biregular when a 2 = b 2 = c 2 = 0.
Let ν :Ȳ → Y be the blow up of ψ(C). Then H induces a fibration ξ :Ȳ → P 1 whose general fiber is a del Pezzo surface of degree 2. In particular, the group Bir(Y ) contains a huge subgroup generated by Bertini involutions of the generic fiber of ξ (see [41] ) but the involution τ i does not commute with ξ if the polynomials a 2 , b 2 , c 2 are general.
The nonrationality of Y implies Conjecture 7.11. It seems to us that Y is almost birationally rigid (see [17] ). In particular, we expect that the 3-fold Y is not birational to a conic bundle. The only known way to prove the nonrationality of a 3-fold fibred into rational surfaces that is not birational to a conic bundle is the way of [41] , but ξ does not satisfy most of the conditions of [41] .
Let α = t 2 , β = w 2 , γ = tw. Then there is a homogeneous polynomial f 2 of degree 2 such that f 2 (α, β, γ) = g 4 (t, w). Hence, the 3-fold Y is a weighted complete intersection
) and the natural projection P(1 3 , 2 3 ) P 2 induces the rational map η • ρ −1 . The hypersurface αβ = γ 2 has a natural projection to P 1 which induces the rational map ξ • ν −1 . The 3-fold Y is birational to a hypersurface
) by putting α = γ 2 /β. In the case of Fermat quartic hypersurface x 4 + y 4 + z 4 − t 4 − w 4 = 0, the question is reduced to the following: is the field
a purely transcendental extension of the field C? a 2 , a 3 , a 4 , a 5 ) be a sufficiently general quasismooth anticanonically embedded Fano hypersurface of degree d with at most terminal Q-factorial singularities. Proof. The inequality d(X d ) 2 follows from [24] and [18] . The natural projection
. Therefore, we may assume that N ∈ {4, 9, 17, 27}. The projection P(1, a 2 , a 3 , a 4 , a 5 ) P(1, a 2 , a 3 ) induces a birational map of X d into an elliptic fibration with a section, which implies d(X d ) = 2. Proof. We may assume that N = 1 by Proposition 7.10. The inequality d(X d ) 2 follows from [18] . Suppose that d(X d ) = 2. Then there is an involution τ ∈ Bir(X d ) that is not an identity map. On the other hand, Bir(X d ) = Aut(X d ) by [18] . The equivalence
implies that τ is induced by some biregular involutionτ of P (1, a 2 , a 3 , a 4 , a 5 ) such that the hypersurface X d isτ -invariant. Now we can derive a contradiction from counting the dimension ofτ -invariant quasihomogeneous polynomials of degree d in C[x 1 , x 2 , x 3 , x 4 , x 5 ] with wt(x i ) = a i .
In general, singular Fano 3-folds of big codimension are closer to being rational than hypersurfaces. Therefore, it is natural that we expect the following to be true. It is relatively easy to check that Conjecture 7.14 holds for Fano 3-folds with Gorenstein singularities (see [15] , [27] , [36] ), Fano 3-folds with non-Gorenstein singularities and Fano index ≥ 1 (see [4] , [9] , [11] , [43] , [44] ), many anticanonically embedded quasismooth weighted Fano 3-fold complete intersections of codimension 2 (see [23] ), and many Fano 3-folds classified in [49] and [50] . Table 1 : Elliptic fibrations on K3 hypersurfaces in P (1, a2, a3, a4) . S9 ⊂ P(1, 2, 3, 3) A1, 3 × A2 10 S10 ⊂ P(1, 1, 3, 5) A2 11 S10 ⊂ P(1, 2, 2, 5) 5 × A1 12 S10 ⊂ P(1, 2, 3, 4) 2 × A1, A2, A3 13 S11 ⊂ P(1, 2, 3, 5) A1, A2, A4 14 S12 ⊂ P(1, 1, 4, 6) A1 15 S12 ⊂ P(1, 2, 3, 6) 2 × A1, 2 × A2 16 S12 ⊂ P(1, 2, 4, 5) 3 × A1, A4 17 S12 ⊂ P(1, 3, 4, 4) 3 × A3 18 S12 ⊂ P(2, 2, 3, 5) 6 × A1, A4 19 S12 ⊂ P(2, 3, 3, 4) 3 × A1, 4 × A2 20 S13 ⊂ P(1, 3, 4, 5) A2, A3, A4 21 S14 ⊂ P(1, 2, 4, 7) 3 × A1, A3 22 S14 ⊂ P(2, 2, 3, 7) 7 × A1, A2 23 S14 ⊂ P(2, 3, 4, 5) 3 × A1, A2, A3, A4 24 S15 ⊂ P(1, 2, 5, 7) A1, A6 25 S15 ⊂ P(1, 3, 4, 7) A3, A6 26 S15 ⊂ P(1, 3, 5, 6) 2 × A2, A5 27 S15 ⊂ P(2, 3, 5, 5) A1, 3 × A4 28 S15 ⊂ P(3, 3, 4, 5) 5 × A2, A3 29 S16 ⊂ P(1, 2, 5, 8) 2 × A1, A4 30 S16 ⊂ P(1, 3, 4, 8) A2, 2 × A3 31 S16 ⊂ P(1, 4, 5, 6) A1, A4, A5 32 S16 ⊂ P(2, 3, 4, 7) 4 × A1, A2, A6 33 S17 ⊂ P(2, 3, 5, 7) A1, A2, A4, A6 34 S18 ⊂ P(1, 2, 6, 9) 3 × A1, A2 35 S18 ⊂ P(1, 3, 5, 9) 2 × A2, A4 36 S18 ⊂ P(1, 4, 6, 7) A3, A1, A6 37 S18 ⊂ P(2, 3, 4, 9) 4 × A1, 2 × A2, A3 38 S18 ⊂ P(2, 3, 5, 8) 2 × A1, A4, A7 39 S18 ⊂ P(3, 4, 5, 6) 3 × A2, A3, A1, A4 (1, −1, 1), 1 3 (1, −1, 1), 1 4 (1, −1, 1) (1, −1, 1), 1 3 (1, −1, 1), 1 5 (1, −1, 2) F (1, −1, 1), 1 5 (1, −1, 2) F (1, −1, 1), 1 4 (1, −1, 1), 1 5 (1, −1, 1) (1, −1, 1), 1 4 (1, −1, 1) (1, −1, 1), 1 3 (1, −1, 1), 1 4 (1, −1, 1), 1 5 (1, −1, 2) F (1, −1, 1), 1 7 (1, −1, 3) F (1, −1, 1), 1 7 (1, −1, 2) F (1, −1, 1), 1 6 (1, −1, 1) (1, −1, 1) F 2 continued on next page
Appendix
N δ ǫ PiPiQiL ζ ωĀi Ci 9 3 1 Pi = A2Pi = A1Q1 = A1 I * 0 4 0 12 2 2 P1 = A2 P2 = A3P 1 = A1 P2 = A1Q 1 = A1 Q2 = A1 I * 0 5 1Ā1 = E2 ∩C1 A1 = A1 f20 = 0 13 2 1 P1 = A2 P2 = A4P 1 = A1 P2 = A3Q 1 = A1 I * 1 3 0 15 2 2 Pi = A1Pi = A1Qi = A1 I * 0 4 16 1 3 P1 = A4P1 = A1Qi = A1 I * 0 5 1Ā1 = E1 ∩C1 A1 = A1 f20 = 0 17 3 0 Pi = A3Pi = A2 IV * 3 20 2 1 P1 = A3 P2 = A4P 1 = A2 P2 = A2Q 1 = A2 IV * 4 1Ā1 = E1 ∩C1 A1 = A1 f20 = 0 21 1 3 P1 = A3P1 = A1Qi = A1 I * 0 5 1Ā1 = E1 ∩C1 A1 = A1 f02 = 0 24 1 1 P1 = A6P1 = A5Q1 = A1 I * 0 2 0 25 2 0 P1 = A3 P2 = A6P 1 = A2 P2 = A5 III * 2 0 26 1 2 P1 = A5P1 = A2Qi = A2 IV * 4 1Ā1 = E1 ∩C1 A1 = A2 f20 = 0 29 1 2 P1 = A4P1 = A3Qi = A1 I * 0 3 0 30 2 1 Pi = A3Pi = A2Q1 = A2 IV * 3 0 31 2 1 P1 = A4 P2 = A5P 1 = A3 P2 = A3Q 1 = A1 III * 4 1Ā1 = E2 ∩C1 A1 = A1 f20 = 0 34 1 3 P1 = A2P1 = A1Qi = A1 IV * 4 0 35 1 2 P1 = A4P1 = A2Qi = A2 IV * 4 1Ā1 = E1 ∩C1 A1 = A1 f02 = 0 36 1 2 P1 = A6P1 = A3Q1 = A1 Q2 = A3
